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We present an effort to model the separation-induced transition on a flat plate with a semi-circular lead-
ing edge, using a cubic non-linear eddy-viscosity model combined with the laminar kinetic energy. A
non-linear model, compared to a linear one, has the advantage to resolve the anisotropic behavior of
the Reynolds-stresses in the near-wall region and it provides a more accurate expression for the gener-
ation of turbulence in the transport equation of the turbulence kinetic energy. Although in its original for-
mulation the model is not able to accurately predict the separation-induced transition, the inclusion of
the laminar kinetic energy increases its accuracy. The adoption of the laminar kinetic energy by the
non-linear model is presented in detail, together with some additional modifications required for the
adaption of the laminar kinetic energy into the basic concepts of the non-linear eddy-viscosity model.
The computational results using the proposed combined model are shown together with the ones
obtained using an isotropic linear eddy-viscosity model, which adopts also the laminar kinetic energy
concept and in comparison with the existing experimental data.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

It is well known that the transition of a boundary layer, from the
laminar regime to the turbulent one, is a complex and stochastic
phenomenon. The physics of a transitional flow has been widely
investigated, but in most cases for simplified situations by trying
to isolate the various parameters affecting transition. The most
interesting fluid mechanics applications, which involve boundary
layer transition, are related to the flow development on airfoils,
wings and turbomachinery blade surfaces. Typically, during the
operation of such devices, transition occurs due to three essential
mechanisms: natural transition, which is the most rare case, by-
pass transition, which is closely related to the freestream turbu-
lence intensity and transition due to boundary layer separation.
The latter is often occurring at some distance downstream of the
leading edge of an airfoil or a turbine blade. In the stagnation point
region, the boundary layer starts to develop as a laminar one with a
high level of stability due to the surface curvature, which cause the
flow to accelerate. The instability of the boundary layer starts to
appear when the surface curvature diminishes and the favorable
pressure gradient becomes an adverse pressure gradient. Under
certain freestream conditions, i.e. low freestream velocity or turbu-
lence intensity, the boundary layer separates and a recirculation
ll rights reserved.

: +30 231096002.
zone is formed on the surface. In turn, the laminar boundary layer
enters to the transitional zone before becoming turbulent. A series
of well documented experiments showed that the size of the recir-
culation zone is greatly affected by the freestream conditions.
Thus, depending on the level of freestream turbulence and the
magnitude of freestream velocity, larger and thicker or smaller
and thinner recirculation zones are formed and by consequence,
rapid or slow transition procedure is observed, respectively. The
importance of the transition mechanism is very high, especially
in the design of airfoils and wings in the field of aeronautics and
in the design of the turbomachine blades. The aerodynamicists
need to accurately predict the transition-onset and duration in or-
der to design airfoils which operate with a minimum danger to
stall under high angle of attack or reduced speed of flight and
the turbomachinery engineers need to accurately predict the tran-
sition-onset and duration, since it can affect the aerodynamic load-
ing of the blades and the heat transfer mechanism between the hot
fluid and the cold blade.

From the previous analysis it is clearly evident that there is a
need for accurate and robust prediction methods for the transi-
tion-onset and duration. These methods should encounter all the
primary and secondary parameters that can affect transition (free-
stream velocity and turbulence, surface curvature and pressure
gradient, etc.) and should provide accurate results obtained with
the minimum amount of empiricism and the maximum amount
of well-founded theory regarding boundary layer transition.
Towards this direction, the most accurate prediction method is
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Nomenclature

DT near-wall dissipation for turbulent kinetic energy
DL near-wall dissipation for laminar kinetic energy
kT turbulent kinetic energy (¼ kT;l þ kT;s)
kT;l large-scale of turb. kinetic energy
kT;s small-scale of turb. kinetic energy
kL laminar kinetic energy
kTOT total kinetic energy (¼ kT;l þ kT;s þ kL)
PL production of lam. kinetic energy
PT production of turb. kinetic energy
Sij strain rate tensor [¼ ð@Ui=@xj þ @Uj=@xiÞ for the Craft

et al. Model (1996)] [¼ 0:5ð@Ui=@xj þ @Uj=@xiÞ for the
Walters and Leylek Model (2004)]

S magnitude of mean strain rate tensor(¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2SijSij

p
)

Xij rotation rate tensor [¼ ð@Ui=@xj � @Uj=@xiÞ for the Craft
et al. Model (1996)] [¼ 0:5ð@Ui=@xj � @Uj=@xiÞ for the
Walters and Leylek Model (2004)]

X magnitude of mean rotation tensor (¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2XijXij

p
)

R by-pass transition production term
RNAT natural transition production term
fv viscous damping function
fINT intermittency damping function

fs;l time scale damping function for large-scale turbulent
viscocity

fs;s time scale damping function for small-scale turbulent
viscocity

U0 freestream velocity
Umax maximum velocity (when the boundary layer is sepa-

rated)

Greek symbols
e turbulence dissipation rate
~e isotropic dissipation rate
~es isotropic small-scale dissipation rate
kT turbulent length scale
keff effective length scale
mt eddy-viscosity
mT;s small-scale eddy-viscosity
mT;l large-scale eddy-viscosity
mTOT total eddy-viscosity (¼ mT;l þ mT;s)
sT;s small-scale turbulent time scale
sT;l large-scale turbulent time scale
sm mean flow time scale
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the stability theory, which examines the development of small
instabilities in a laminar flow field with the use of the Orr–Som-
merfeld equation and its solutions based on the wavelengths of
the small instabilities (Schlichting and Gersten, 2000). Despite of
the inclusion of some assumptions in the development of this the-
oretical approach, its application has been found to be very difficult
in complex flows, which involve boundary layer separation also,
and due to this difficulty, the solution of the Orr–Sommerfeld
equation is performed usually for cases with natural or by-pass
transition. Besides that, there is a certain difficulty for an engineer
to correlate the theoretical wavelength of a specific imposed insta-
bility with a practical characteristic length of a mechanical device.

An alternative and modern approach is the use of DNS but the
computational cost, when it is applied in complex configurations,
such as airfoils and turbine blades, is still high. Durbin and Xu
(2007) presented computer simulations by applying the pertinent
linear theory in order to have a picture of the transition beneath
vortical structures. Recently, Schmid (2007) presented an approach
for the first stages of the by-pass transition in the framework of the
non-modal stability theory.

It is more than fifteen years that transition has been modeled
with the use of the Reynolds Averaged Navier–Stokes equations.
Especially, for the by-pass transition, since it is a stochastic phe-
nomenon, it can be faced using the tools of statistical fluid mechan-
ics, therefore, the use of properly designed transition models in the
framework of RANS can be a feasible approach. Although this ap-
proach seems to be an ‘‘oxymoron” (one is trying to model a flow
that starts as laminar with a set of equations for turbulent flow),
the results presented so far, showed some good perspectives. The
basic idea of the approach is focused on the use of eddy-viscosity
or Reynolds-stress models in their low-Reynolds number formula-
tions. The use of low-Re formulations has been found to be very
helpful and at first, a good remedy for providing a practical solu-
tion to the ‘‘oxymoron” of the approach mentioned above. Savil
(2002a,b) reported, in two very detailed articles regarding the at-
tempts and the strategies in modeling by-pass transition, that
the low-Re formulations of the eddy-viscosity models provided a
limited success due to the damping effect, introduced by the
damping functions, which forces the pre-transitional boundary
layer to behave as pseudo-laminar. The success of by-pass transi-
tion modeling is limited due to the incapability of these models
to present, inside the boundary layer, accurate predictions for the
Reynolds-stresses (longitudinal and shear stresses) together with
the turbulence kinetic energy distributions, in the pre-transitional,
transitional and fully turbulent flow regime. Among the attempts
to model by-pass transition, we focus on the work of Craft et al.
(1997) who presented quite accurate results regarding both the
velocity and turbulent quantities parameters with the use of a
non-linear eddy-viscosity model, developed by the same group
(Craft et al. 1996) together with a third transport equation for
the stress invariant A2, which is based on the anisotropic Rey-
nolds-stress tensor aij. The stress invariant was included in order
to ensure the Reynolds-stress anisotropic behavior close to the
wall, an action, which can improve the boundary layer modeling
in transitional flows (Savill, 2002a). We should also refer to the
work of Wilcox (1991) who was the first to use the k–x eddy-vis-
cosity variant in a low-Reynolds formulation, by introducing
damping functions also, in order to predict by-pass transition with
good results. Of course, there are many other attempts regarding
the use of pure eddy-viscosity models without any additional con-
cepts, the reader can find a compilation of them in the work of Sav-
ill (2002a).

In parallel, during these fifteen years, a second alternative ap-
proach has also started to be applied and it was focused on the
combination of the RANS equations, using a conventional turbu-
lence model, with the intermittency factor concept. Cho and Chung
(1992) were the first who presented an effort to combine the stan-
dard k–e model with the intermittency factor in free shear layers,
for the calculation of the eddy-viscosity. The intermittency factor
acts as a damping function and, based on its transport equation,
takes lower values or becomes zero in the laminar flow regime,
while it takes values close to unity when the flow becomes turbu-
lent. The eddy-viscosity is multiplied by this factor and by conse-
quence, becomes zero or takes its full value depending on the
flow regime, i.e. laminar, transitional or fully turbulent. Gostelow
and Walker (1991) investigated experimentally the effect of the
freestream turbulence levels together with the adverse pressure
gradient on the boundary layer transition. They observed that un-
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der high turbulence levels and adverse pressure gradients a pro-
nounced subtransition was present. Additionally, they showed that
a strong degree of similarity in intermittency distributions was ob-
served. During the same time, the Vrije University Group (Hazarika
and Hirsch 1992) presented detailed experimental data from mea-
surements inside transitional boundary layers where the same
observation regarding the similarity of the intermittency distribu-
tions was shown. Savill (1995) was the first to use an intermittency
transport equation together with either the Savill–Launder–Younis
Reynolds-Stress Transport model and a low-Re k–e linear model in
order to model the ERCOFTAC by-pass transitional flows with very
good results. Regarding the application of the intermittency con-
cept to separated flow transition, Vilmin et al. (2002) used an inter-
mittency-conditioned modeling approach in order to model the
wake-passing transition in turbomachinery by providing excellent
numerical results for a variety of flow conditions on turbine and
compressor blades. Parallel to the idea of the intermittency trans-
port equation, Steelant and Dick (1996) presented an alternative
procedure in order to model by-pass transition with the use of
the ‘‘conditionally averaged” Navier–Stokes equations. Addition-
ally, Suzen and Huang (1999) and Suzen et al. (2003) presented re-
sults for the by-pass boundary layer transition by using alternative
formulations of the intermittency transport equation. The idea of
using the intermittency transport equation together with an
eddy-viscosity model seems to be promising but as already stated
by Hadzic and Hanjalic (1999), it involves a degree of empiricism
and this is clear to everyone who uses the intermittency models:
these models use factors and parameters which are specifically cal-
ibrated depending on the new test case that must be modeled.
Additionally, these models inevitably employ a correlation for
the detection of the transition-onset point, which is different,
depending on the transition mode.

To the authors’ knowledge the majority of the efforts regarding
transitional modeling have been focused on by-pass transition. A
small number of contributions have been reported in the literature
regarding the modeling of boundary layer separation-induced
transition and probably this has to do with the major difficulties
appearing during the modeling of such transitional flows. A typical
difficulty is focused on the exact freestream conditions between
experiment and modeling: since the recirculation zone is strongly
affected by the freestream conditions (turbulence and velocity), a
large effort must be made in order to match the exact freestream
conditions of the experiment with the computational modeling.
In many occasions, this leads to a number of trials in order to pre-
dict the correct turbulence decay and if a careful approach is not
performed, the results can lead to wrong conclusions.

Palikaras et al. (2002, 2003) presented results for separation-in-
duced transitional flows under uniform and positive shear, using
eddy-viscosity models where they showed the incapability of such
models to accurately predict the flow development. Vicedo et al.
(2004) presented a detailed analysis for the combination of a k–e
model with an intermittency transport equation for the case of
separation-induced boundary layer transition on a flat plate. Their
results showed that the proposed intermittency transport model is
able to provide far better results than typical modeling approaches,
something which is very clearly shown on the distributions of the
skin friction coefficient and of the displacement thickness for the
examined separated transitional boundary layers, having either
low or high freestream turbulence levels.

Reynolds-stress transport models, offering a more general
framework to predict complex turbulent flows and transition, pro-
vide results whose dependence on the tuning of the model coeffi-
cients cannot be neglected. As reported by Savill (2002b), the
combination of low-Reynolds number Reynolds-stress transport
models together with an intermittency transport equation has also
been proposed with success. Hadzic (1999) and Hadzic and Hanja-
lic (1999) presented accurate results regarding the separation-in-
duced boundary layer transition using a modified low-Reynolds
number Reynolds-stress model based on the one developed by
Hanjalic and Jakirlic (1998). The model has been proved capable
of capturing the total transition mechanism, from the pre-transi-
tional flow regime up to the fully turbulent one, by having also
the capability to provide the correct recirculation zone size and
very accurate longitudinal Reynolds-stress distributions inside
the boundary layer. Vlahostergios et al. (2007) presented results
of similar quality with the use of a Reynolds-stress model devel-
oped by the University of Manchester group (Craft and Launder,
1996 and modified by Craft (1998)) in order to take into account
the low-Reynolds number effects. The use of the Reynolds-stress
model was made without any additional modification or any use
of the intermittency factor but it should be noticed that based on
our experience in the University of Thessaloniki group, the Rey-
nolds-stress model computer algorithm needed a lot of additional
stability measures in order to provide a robust and successful
convergence.

So far we reported three major approaches for the transition
modeling: the net use of an eddy-viscosity model in a low-Rey-
nolds number formulation, the combination of an eddy-viscosity
model, in most cases in a low-Reynolds number formulation, with
an intermittency transport equation and the use of a Reynolds-
stress model, again in a low-Reynolds number formulation. Unfor-
tunately, each approach has its advantages and its disadvantages.
Regarding the disadvantages, either the results are of low quality,
especially for the prediction of the turbulent parameters (kinetic
energy, Reynolds-stress) when a simple eddy-viscosity model is
adopted, either they involve a lot of empiricism, when the inter-
mittency factor is used, or finally they are not able to provide sta-
ble numerical convergence due to major instabilities within an
iterative computation. All of these approaches assume that the
flow starts as a turbulent one or having a very low turbulence
intensity level.

Mayle and Schulz (1997) introduced a new theory for the by-
pass transition involving the concept of the laminar kinetic energy.
More specifically, they developed a transport equation for the lam-
inar kinetic energy (kl) and proposed models for the production
and the dissipation terms in this equation. Under this idea, they
stated that apart from the classic turbulence kinetic energy, there
is the laminar kinetic energy also, that contributes to the transition
mechanism inside a boundary layer and especially in the pre-tran-
sitional region. This energy takes higher values before transition
and then starts to diminish as it gives its place to the turbulence
kinetic energy. This idea has a practical application: one can solve
an additional equation, through an eddy-viscosity approach, in or-
der to have the distribution of the laminar kinetic energy. Then, the
eddy-viscosity is appropriately computed using both the laminar
and the turbulence kinetic energy. Walters and Leylek (2004) pre-
sented a first practical application of this concept where they mod-
eled by-pass transition flows on a flat heated wall and on a turbine
stator vane using a low-Reynolds number k–e model. In order to
closely connect the laminar kinetic energy with a simple linear
eddy-viscosity model, they proceeded to some essential interven-
tions: in the linear expression of the eddy-viscosity they intro-
duced the total kinetic energy, which is the sum of the laminar
and turbulent kinetic energy. Additionally, the turbulent kinetic
energy appearing in the near-wall region was split into a small-
scale and a large-scale turbulent energy. Both of them are com-
puted using the appropriate small and large-scales of turbulence
length scales. Walters and Leylek (2005) presented new results
for wake-induced transition on a compressor-like flat plate using
the k–x eddy-viscosity model. Their results were compared to
experimental data and showed remarkable improvements in the
prediction of by-pass transition. Holloway et al. (2004) continued



Table 1
T3L test cases: freestream conditions.

Test case Freestream turbulence intensity
at x = 6 mm downstream of the
flat plate leading edge (%)

Freestream air
velocity (m/s)

T3L1 0.20 5
T3L2 0.65 5
T3L3 2.3 5
T3L4 5.5 5
T3L5 2.3 2.5
T3L6 2.3 10
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the development of this approach and presented new results for
separated and transitional boundary layers over blunt bodies using
also the k–x model together with the laminar kinetic energy.
Cutrone et al. (2007, 2008) used the model of Walters and Leylek
(2005) for the prediction of the by-pass and separation-induced
transition on flat plates as modeled by the experiments of Coup-
land and Brierley (1996), which are known as the ERCOFTAC T3A
and T3L test cases. In their work, they provided detailed compari-
sons between a typical intermittency transport approach and the
model of Walters and Leylek (2005). The Walters and Leylek
(2005) approach provides better results. This is more obvious in
the skin friction coefficient plots.

In our work, we proceed one step farther. We attempt to model
the separation-induced transition by modeling all the T3L experi-
mental cases using the cubic non-linear eddy-viscosity model
developed by Craft et al. (1996) in combination with the laminar
kinetic energy concept. Due to its constitutive non-linear expres-
sion of the Reynolds-stress, this model has the potential to provide
realistic distributions for the Reynolds-stress in the near-wall re-
gion, by predicting their anisotropic behavior plus, it models in a
more accurate manner the production of turbulence, an issue,
which has been proved to be problematic, when a typical linear
eddy-viscosity model is used. We choose to model all the six T3L
test cases in order to include the cases where the freestream turbu-
lence is extremely low, such as in T3L1, which has Tu = 0.20%, or
the air flow has an increased velocity, such as T3L6 where U1
= 10 m/s. During this investigation, we present additional modifi-
cations in order to embody the laminar kinetic energy transport
equation into the non-linear eddy-viscosity model and we examine
its behavior by comparing its results with the model of Launder
and Sharma (1974), the original non-linear model of Craft et al.
(1996) and the low-Reynolds number k–x–laminar kinetic energy
model of Walters and Leylek (2005). The comparisons are based
on the ERCOFTAC database for the measured distributions for both
the velocity and longitudinal Reynolds-stress inside the boundary
layer.
2. The T3L test cases

The ERCOFTAC collection of the T3L transitional test cases is one
of the most detailed collections of experiments regarding the sep-
aration-induced transition. The experimental setup (Coupland and
Brierley, 1996) is based on the boundary layer development on a
flat plate with a semi-circular leading edge with R = 5 mm. The
Reynolds number of the flow, based on the leading edge radius,
is 1603 for the test cases having an inlet freestream velocity equal
to 5 m/s, 3205 for the test case having 10 m/s and 801 for the test
case with 2.5 m/s. The boundary layer starts as a laminar one, in
the flat plate leading edge stagnation point region, and it separates
in the horizontal surface of the flat plate. Depending on the free-
stream conditions, larger and thicker or smaller and thinner recir-
culation zones occur and thus, different transition durations are
measured. Based on Mayle’s (1991) work, for the separation-in-
duced transitional cases, transition starts in the middle of the recir-
culation zone and in most cases continues after the reattachment
point.

The measurements have been carried-out using the hot-wire
technique and include detailed information for the velocity and
longitudinal u-RMS distributions inside the boundary layer, fol-
lowed by the integral boundary layer parameters and the skin fric-
tion coefficient distributions, in order to easily conclude where
transition starts and where the boundary layer becomes fully tur-
bulent. Table 1 summarizes the T3L test cases with the freestream
conditions corresponding to the longitudinal stagnation point
location.
3. Turbulence modeling

3.1. The Launder–Sharma model

The Launder and Sharma (1974) turbulence model has been
widely used for the modeling of transitional flows. As a linear mod-
el, it has been found that its main disadvantage is the incorrect
expression of the production of the turbulence kinetic energy,
which is based on the linear Boussinesq’s expression of the Rey-
nolds-stresses. This false representation leads to unphysical high
levels of turbulence inside the boundary layer starting to develop
right after the stagnation point and greatly affects its farther devel-
opment towards the separation point. On the other hand, the iso-
tropic linear expression of the Reynolds-stresses cannot provide
the anisotropic behavior of the Reynolds-stresses in fully devel-
oped and turbulent flow regime.

3.2. The cubic non-linear eddy-viscosity model

The model of Craft et al. (1996) was proposed in order to over-
come this problem (among other problems regarding the isotropic
behavior of the linear models). In this model, the constitutive
expression of the Reynolds-stress tensor has a non-linear form
and its based on the use of two independent mean tensors, the
strain, Sij ¼ ð@Ui=@xj � @Uj=@xiÞ and vorticity Xij ¼ ð@Ui=@xj�
@Uj=@xiÞ rates:

uiuj ¼
2
3

kdij � mtSij þ c1
mtk
~e

SikSjk � 1=3SklSkldij
� �

þ c2
mtk
~e

XikSjk þXjkSik

� �
þ c3

mtk
~e

XjkXjk � 1=3XklXkldij
� �

þ c4
mtk

2

~e
SklXlj þ SkjXli
� �

Skl

þ c5
mtk

2

~e
XilXlmSmj þ SilXlmXmj � 2=3SlmXmnXmldij
� �

þ c6
mtk

2

~e
SijSklSkl þ c1

mtk
2

~e
SijXklXkl ð1Þ

The expression for the eddy-viscosity incorporates the low-
Reynolds effects near the wall and is given by mt ¼ clflk2

=~e. Craft
et al. (1996) adopted the isotropic dissipation, ~e ¼ e� 2mð@

ffiffiffi
k
p

=@xjÞ
in order to avoid the use of a wall boundary condition for the e.
In Eq. (1), the coefficients ci take appropriate values based on model
calibration for a number of typical flows. The cl coefficient is
‘‘strain-sensitized” and is computed from the expression

cl ¼
0:3

1þ 0:35ðmaxðeS; eXÞÞ1:5 1� exp
�0:36

expð�0:75maxðeS; eXÞÞ
" # !

ð2Þ

where the dimensionless strain and vorticity rates are eS ¼
k=ee ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:5SijSij

p
and eX ¼ k=ee ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:5XijXij

p
, respectively. Additionally,

the damping function is a function of the turbulent Reynolds num-
ber, based on the isotropic dissipation ee, and it is given by the
equation:
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f l ¼ 1� exp �ð eRt=90Þ1=2 � ð eRt=400Þ2
h i

ð3Þ

where eRt ¼ k2
=m~e. The transport equation for the turbulence kinetic

energy and for the isotropic dissipation rate are given by

Dk
Dt
¼ Pk � eþ @

@xj
ðmþ mt=rkÞ

@k
@xj

� �
ð4Þ

D~e
Dt
¼ ce1

~e
k

Pk � ce2
~e2

k
þ Eþ Yc þ

@

@xj
ðmþ mt=reÞ

@~e
@xj

� �
ð5Þ

The near-wall term E is computed from E ¼ 0:0022eSmt k2

~e
@2Ui
@xj@xk

	 
2

when eRt � 250 and the Yap (1987) length scale correction is com-

puted from Yc ¼max 0:83 ~e2

k
k1:5

2:5~ey� 1
h i

k1:5

2:5~ey

h i
0

	 

.

3.3. The k–e–kl and k–x–kl models

Both models are based on the use of the laminar kinetic energy
concept. In order to present the derivation of the combined non-
linear k–e model with the laminar kinetic energy transport equa-
tion, we describe in details the k–e–kl model of Walters and Leylek
(2004). This model is a linear eddy-viscosity model, which solves
one additional transport equation for the laminar kinetic energy.
Its main difference from a typical turbulence model is that it splits
the kinetic energy into two parts of energies: the turbulent kinetic
energy and the laminar one. These two quantities have different
expression for their production but there is one equation for the
turbulence dissipation rate, which is connected primarily with
the turbulent kinetic energy.

The transport equation for the turbulent kinetic energy is given
by:

DkT

Dt
¼ PT þ Rþ RNAT � e� DT þ

@

@xj
ðmþ aT=rkÞ

@kT

@xj

� �
ð6Þ

Here, PT is the production of the turbulent kinetic energy and is
given by

PT ¼ mT;SS2 ð7Þ

an expression which is based on the linear concept of the eddy-
viscosity models. For this model, the mean strain and vorticity rate
tensors are defined as S ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2SijSij

p
and X ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2XijXij

p
, respectively,

with Sij ¼ 0:5ð@Ui=@xj þ @Uj=@xiÞ and Xij ¼ 0:5ð@Ui=@xj � @Uj=@xiÞ.
The eddy-viscosity appearing in the production term is the small-
scale eddy-viscosity, corresponding to the turbulent flow regime,
and it is computed using the typical expression involving a damping
function for viscous effects, an effective length scale, the cl
coefficient plus one more damping function playing the role of an
intermittency factor (fs;s):

mT;s ¼ fmfs;scl

ffiffiffiffiffiffiffi
kT;s

q
keff ð8Þ

where kT,s is the small-scale component of the turbulent kinetic en-
ergy corresponding to the non-wall-limited (small scales) energy
sections in the near-wall region, computed by

kT;s ¼ kT
keff

kT

� �2=3

ð9Þ

with

keff ¼ MINðCkd; kTÞ ð10Þ

where Ck ¼ 2:495, d is the minimum distance from the wall and kT

is the turbulent length scale, kT ¼ k3=2
T =e. The cl coefficient is strain-

sensitized:

cl ¼
1

A0 þ As
SkT
e

	 
 ð11Þ
with, A0 = 4.04, As = 2.12, while the damping functions are computed
from the expressions:

fm ¼ 1� exp �
ffiffiffiffiffiffiffiffiffiffi
ReT;s

p
Am

 !
ð12Þ

fs;s ¼ 1� exp �Cs;s
sm

sT;s

� �� �
ð13Þ

For these two equations, ReT;s ¼ k2
T;s=me is the turbulent Reynolds

number for the small turbulence producing scales, sm ¼ 1=S and
sT;s ¼ keff =

ffiffiffiffiffiffiffi
kT;s

p
are the mean and effective turbulent scales, and

the appearing coefficients take the values Am ¼ 5:5; Cs;s ¼ 4360. In
Eq. (6), R is a production term modeling the averaged effect of the
breakdown of streamwise fluctuations during by-pass transition,
and it is computed from the expression:

R ¼ CRbBP
kL

sT
ð14Þ

where sT is the effective turbulent time scale, sT ¼
keffffiffiffiffi

kT

p , bBP is a

threshold function, which controls the by-pass transition process,

bBP ¼ 1� exp �/BP

ABP

� �
ð15Þ

/BP ¼max

ffiffiffiffiffiffiffiffi
kT d

p
m
� CBP;crit

 !
;0

$ %
ð16Þ

and ABP = 8, CBP, crit = 35.
Again, in Eq. (6), the term RNAT is a production term modeling

the natural transition process and is given by:

RNAT ¼ CR;NATbNAT kLS ð17Þ
with CR;NAT ¼ 4;

bNAT ¼ 1� exp �maxð/0:75
NAT /0:25

MIX � CNAT;crit; 0Þ
ANAT

" #
;

/NAT ¼
d2S
m
; /MIX ¼

ffiffiffiffiffi
kL

p
d

m
a term which is assigned to the mixed transition modes.

The term DT appearing in Eq. (6) models the near-wall
dissipation,

DT ¼ 2m
@

ffiffiffiffiffi
kT

p
@xj

 !2

ð18Þ

The turbulent diffusion term in Eq. (6) does not adopt the
‘‘eddy-viscosity” turbulence quantity. Instead, it uses an alterna-
tive expression for the ‘‘turbulent scalar diffusivity”, which has a
similar form with the typical eddy-viscosity expressions, i.e., it in-
cludes the cl coefficient and a damping function:

aT ¼ 0:09f m

ffiffiffiffiffiffiffi
kT;s

q
keff ð19Þ

The transport equation for the turbulence dissipation rate is gi-
ven by:

De
Dt
¼ Ce1

e
k
ðPT þ RNATÞ þ CeRR

effiffiffiffiffiffiffiffiffi
kT kL

p � Ce2
e2

kT
� e

kT
DT

þ @

@xj
mþ aT

re

� �
@e
@xj

� �
ð20Þ

with

Ce1 ¼ 2 1� keff

kT

� �4=3
$ %

þ 1:44
keff

kT

� �4=3

;

CeR ¼ 0:21
1:5kT

keff
� 1

� �
; Ce2 ¼ 1:92; re ¼ 1:4



Fig. 1. The O-type grid modeling the computational domain and the flat plate
leading edge region.
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The closure of the system of the equations is performed with
the inclusion of a transport equation for the laminar kinetic
energy:

DkL

Dt
¼ PL � R� RNAT � DL þ

@

@xj
m
@kL

@xj

� �
ð21Þ

As a first observation, this equation does not use any turbulent
scalar diffusivity. The production of laminar kinetic energy is com-
puted with the use of large-scale turbulent viscosity:

PL ¼ mT;lS
2 ð22Þ

where the large-scale turbulent viscosity is computed from:

mT;l ¼ fs;lC11
Xk2

eff

m

 ! ffiffiffiffiffiffiffi
kT;l

q
keff þ bTSC12/NAT d2X ð23Þ

with f s;l ¼ 1� exp �Cs;l
sm

sT;l

� �2
" #

ð24Þ

Additionally, sT;l ¼ keff =
ffiffiffiffiffiffiffi
kT;l

p
; bT;s ¼ 1� exp �maxð/NAT�CTS;crit ;0Þ2

ATS

	 

;

C11 ¼ 3:4� 10�6; C12 ¼ 6� 10�11; Cs;l ¼ 4360; ATS ¼ 2000 and X

is the mean vorticity rate.
The laminar kinetic energy uses also a near-wall dissipation:

DL ¼ 2m
@

ffiffiffiffiffi
kL

p
@xj

 !2

ð25Þ

Finally, the Boussinesq’s expression for the Reynolds-stresses
becomes

�uiuj ¼ mTOT
@Ui

@xj
þ @Uj

@xi

� �
� 2

3
kTOTdij ð26Þ

where

mTOT ¼ mT;s þ mT;l ð27Þ

and

kTOT ¼ kT;l þ kT;s þ kL ð28Þ

Walters and Leylek (2005) presented also, the k–x–kl variance of
their original model with some additional modifications in order
to enhance the quality of the results. Details of this model can be
found in their work.

3.4. The adoption of the laminar kinetic energy concept by the non-
linear model

Our work is concentrated to the provision of a non-linear k–e–kl

model based on the cubic constitutive expression of the Reynolds-
stresses proposed by Craft et al. (1996). The effort is primarily fo-
cused on Eq. (26), i.e. the formulation of a non-linear expression
by using the total quantities for the eddy-viscosity and turbulence
kinetic energy and on the expressions of the production terms for
the turbulent kinetic energy.

The transport equation for the turbulent kinetic energy is:

DkT

Dt
¼ Pk;s þ Rþ RNAT � eþ @

@xj
mþ aT;s

rk

� �
@kT

@xj

� �
ð29Þ

This equation is based on the original formulation of Craft et al.
(1996) for the turbulence kinetic energy transport equation and
has two additional production terms, the R and RNAT, taken from
the Walters and Leylek (2004) model. Additionally, the turbulent

scalar diffusivity aT;s is computed from aT;s ¼ flcl
k2

T;s
~es

. The produc-
tion term here is Pk,s and is different from the production term PT

appearing in Eq. (6), in order to include the non-linear expression
for the Reynolds-stresses. The general form of the production term
is given by:

Pk;s ¼ �uiujjs
@Ui

@xj
ð30Þ

Here, the Reynolds-stresses are computed from the non-linear
expression presented by Eq. (1) appropriately adapted for the
inclusion of the laminar kinetic energy concept, which splits the
turbulent properties into small and large-scales. The adapted cubic
expression reads:

uiujjs ¼
2
3

kT;sdij � mT;sSij þ c1
mT;skT;s

~es
SikSjk � 1=3SklSkldij
� �

þ c2
mT;skT;s

~es
XikSjk þXjkSk
� �

þ c3
mT;skT;s

~es
XikXjk � 1=3XklXkldij
� �

þ c4
mT;sk

2
T;s

~e2
s

SklXij þ SkjXli

� �
Skl

þ c5
mT;sk

2
T;s

~e2
s

XilXlmSmj þ SilXlmXmj � 2=3SlmXmnXmldij
� �

þ c6
mT;sk

2
T;s

~e2
s

SijSklSkl þ c7
mT;sk

2
T;s

~e2
s

SijXklXkl ð31Þ

Of course, this ‘‘small-scale” Reynolds-stress expression does
not provide the total Reynolds-stress tensor. Additionally, the
quantity ~es does not represent a ‘‘small-scale turbulence dissipa-
tion rate”. The theory of Mayle and Schulz (1997) does not involve
or define any such property. But, since an expression for the non-
linear Reynolds-stresses (which will incorporate all the small scale
properties) must be derived in order to compute the production of
turbulence, we set a new property for the dissipation

~es ¼ k3=2
T;s

.
keff ð32Þ

which is computed from the small-scale turbulent kinetic energy
and the effective length scale. Besides, the corresponding term for
the production of turbulence provided by Walters and Leylek
(2004), Eq. (7), uses the combination of the small-scale turbulent ki-
netic energy and the effective length scale in a similar manner in or-
der to compute the small-scale eddy-viscosity.

The small-scale eddy-viscosity is computed now, from a similar
to Eq. (8) expression:

mT;s ¼ flfs;scl
k2

T;S

~es
ð33Þ

Here, the damping function fl is the original function of Craft
et al. (1996) model. The turbulent Reynolds number needed here
is computed using ReT;s ¼ k2

T;s=m~e. The damping function fs;s is
the same with the one used in the original model of Walters and
Leylek (2004). It is worth to notice here again, that kT;s

~es
¼ffiffiffiffiffi

kT;s

p
keff

kT;s
and

k2
T;s
~es
¼

ffiffiffiffiffiffiffi
kT;s

p
keff an equation, which is consistent with
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Eq. (32). For the cl function, the expression of the original Craft
et al. (1996) model is adopted, Eq. (2). The dimensionless strain
and vorticity rates, appearing in Eq. (2), are calculated now using
the turbulent kinetic energy and the turbulence dissipation rate.

As an additional comment regarding the turbulence dissipation
rate, a close investigation of Eq. (29) shows that the near-wall dis-
sipation term DT introduced by Walters and Leylek (2004), is in-
cluded in the Craft et al. Model (1996) when the isotropic
dissipation ~e is used since

e ¼ ~eþ 2m
@

ffiffiffiffiffi
kT

p
@xj

 !2

¼ ~eþ DT ð34Þ

The turbulence dissipation rate transport equation reads:

D~e
Dt
¼ Ce1

~e
kT

Pk;s þ C 0e1

~e
kT

RNAT þ CeRR
~effiffiffiffiffiffiffiffiffi
kT kL

p � Ce2
~e2

kT

þ @

@xj
ðmþ aT;s

re
Þ @

~e
@xj

� �
þ Eþ Yc ð35Þ

This equation is the same equation for the dissipation rate provided
by Craft et al. (1996) with two additional terms now, modeling the
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Fig. 2. Velocity and u-RMS distributions for the grid dependency studies. k–x–kl model
dotted line: coarse grid.
production of turbulence due to natural transition (RNAT) and the
rapid reduction of the turbulence length scale during the early

stages of transition CeR
~effiffiffiffiffiffi
kT kl

p
� �

R.

Additionally, Ce1 ¼ 1:44, while C0e1 ¼ 2 1� keff

kT

	 
4=3
� �

þ

1:44 keff

kT

	 
4=3
, as in the original model of Walters and Leylek (2004).

Finally, the total Reynolds-stresses, as they are used by the
momentum equations, are calculated from the expression:

uiujjTOT ¼ uiujjT þ
2
3

kLdij ð36Þ

where uiujjT is calculated from the constitutive cubic non-linear
expression of Craft et al. (1996) using the total eddy-viscosity, Eq.
(27) and the turbulent kinetic energy (kT) together with the turbu-
lence isotropic dissipation rate of turbulence (~e).

4. Computational details

The momentum transport equations, together with the turbu-
lence model equations, are discretized and solved by a vectorized
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(upper) and NL-k–e–kl model (lower). Plain line: basic grid, dashed line: finer grid,
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Fig. 3. Freestream turbulence decay. Circles: experiment, plain line: non-linear k–e–kl, dashed line k–x–kl.
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and parallelized solver using a block-structured grid. The numeri-
cal scheme of Zhu (1991) is used for the interpolation of the con-
vection and diffusion terms and all the transport equations are
solved to a second-order accuracy in order to avoid numerical er-
rors for cases involving transition, as reported by Chen et al.
(1998). The grid, Fig. 1, has 114,492 cells, of which, 203 are distrib-
uted on the normal to the wall direction and 564 on the flow
direction.

Initial runs have been performed in order to check the grid
dependency. Three grids have been used, one having half the
number of cells and one having the double number, having also
the half and the double distances between the cell-centers respec-
tively, except for the cells lying in the near-wall regions. Thus,
special care has been taken in order to have y+ values less than
0.1 for the first computational node adjacent to the wall, while
a number of at least 30 cells has been preserved for the calcula-
tions inside the boundary layer, for the three grids. The grid
dependency studies were focused on the k–x–kl model and on
the new proposed non-linear (NL) k–e–kl model by examining
the velocity and longitudinal u-RMS distributions inside the
boundary layer. As it can be seen from Fig. 2, both models pro-
vided nearly grid-independent results, especially for the two finer
grids.

Special care has been also taken in order to have the correct in-
let conditions for the turbulent freestream properties, i.e., for the
turbulence intensity and the turbulent length scale. Since, the inlet
section was located to a certain distance upstream the flat plate,
the appropriate turbulence decay has been calibrated (using the
experimental data) by using various values for the length scale.
This step is inevitable, since an incorrect freestream turbulence de-
cay when an incorrect combination of turbulence intensity and
length scale are used can lead to inaccurate predictions, as re-
ported by Vlahostergios et al. (2007) on separation-induced transi-
tion modeling using a Reynolds-stress model. Fig. 3 shows the
computed freestream turbulence distribution in comparison with
the available experimental data for all the test cases. The conver-
gence criterion was set to 10�5 for the normalized residuals of
the solved variables. Additional measures have been taken into ac-
count in order to overcome the unstable behavior of the non-linear
model during the iterative procedure, such as manipulating the
source terms in the discretized transport equations in order to en-
sure the dominance of the main diagonal of the tri-diagonal system
of equations. It has been found also that when the non-linear mod-
el was adopted, a good practice was to start the computations with
the linear model and after some preliminary iterations (usually
about 100), to switch to the non-linear model. A typical code exe-
cution time was about 20 minutes on a small cluster of 22 Apple-
G5 CPUs.
5. Results and discussion

The Launder and Sharma low-Reynolds number k–e model is a
good basis to start modeling the flow. A calculation has been per-
formed for the T3L4 case. Fig. 4 shows the predictions for the veloc-
ity and longitudinal u-RMS distributions in four selected locations,



-0.2 0 0.2 0.4 0.6 0.8 1 1.2
0

0.01

0.02

0.03

0.04

0.05

x=0.006m

U/Umax

Y(
m
)

0 0.2 0.4 0.6 0.8 1 1.2
0

0.01

0.02

0.03

0.04

0.05

x=0.011m

U/Umax

Y(
m
)

0 0.2 0.4 0.6 0.8 1 1.2
0

0.01

0.02

0.03

0.04

0.05

x=0.100m

U/U0

Y(
m
)

0 0.2 0.4 0.6 0.8 1 1.2
0

0.01

0.02

0.03

0.04

0.05

x=0.300m

U/U0

Y(
m
)

0 5 10 15 20 25
0

0.01

0.02

0.03

0.04

0.05

x=0.006mY(
m
)

u'/Umax(%)

0 5 10 15 20 25
0

0.01

0.02

0.03

0.04

0.05

x=0.011mY(
m
)

u'/Umax(%)

0 5 10 15 20 25
0

0.01

0.02

0.03

0.04

0.05

x=0.100mY(
m
)

u'/U0(%)

0 5 10 15 20 25
0

0.01

0.02

0.03

0.04

0.05

x=0.300mY(
m
)

u'/U0(%)

Fig. 4. T3L4: Velocity and longitudinal turbulent fluctuations predicted by the Launder–Sharma model (circles: experiment).
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one in the pre-transitional region, where the boundary layer starts
to separate, one inside the boundary layer separation and two,
downstream the fluid flow and after the boundary layer reattach-
ment point where the flow tends to be fully turbulent.

It is clear that the model underpredicts the recirculation region.
As a consequence, transition is not predicted accurately and this is
very clearly shown in the far downdtream region (x = 100 and
300 mm) where the velocity distribution of the reattached bound-
ary layer does not fit to the experimental turbulent distribution.
Additionally, a closer investigation shows that the laminar bound-
ary layer starts with a larger amount of turbulence (this is clearly
shown in the longitudinal u-RMS distributions). This behavior
has been attributed in the past, to the false representation of the
turbulence production term in the stagnation point region. The
use of alternative expressions for the production term, involving
the mean vorticity rate tensor (Kato and Launder, 1993), proved
to be a good solution for flows where a stagnation point exists,
and a laminar boundary layer becomes transitional (Yakinthos
and Goulas, 1999). Although the model is very stable, its accuracy
is not acceptable. The incapability or the model is depicted also in
the shape factor distribution, shown in Fig. 5.
The use of the Craft et al. (1996) non-linear model, in its original
formulation was the next step in order to investigate the potential
benefits that it could deliver due to the anisotropic expansion of
the Reynolds-stresses in the near-wall region and especially near
the stagnation point region and inside the transitional flow regime
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Fig. 6. Predictions obtained using the Craft et al. (1996) model for the T3L4 case.
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close to the wall. The T3L4 test case has been selected. The predic-
tions are shown in Fig. 6.

The non-linear eddy-viscosity model is unable to capture the
pick values of the longitudinal u-RMS distributions in the pre-tran-
sitional flow region. This region is primarily located in the shear
layer, close to the recirculation zone interface with the freestream
flow. Lardeau et al. (2004) were the first who pointed to this prob-
lem for cases where by-pass transition occurs. In order to over-
come this problem, they used the concept of the laminar kinetic
energy together with the non-linear model of Abe et al. (2003)
by incorporating also an intermittency equation for the biasing be-
tween the turbulent and non-turbulent eddy-viscosity. Their re-
sults showed that indeed, a non-linear eddy-viscosity model with
the laminar kinetic energy concept could provide better Rey-
nolds-stress distributions inside the transitional flow regime by
predicting in a better way the local maxima in the shear layer.
After our tests with the Craft et al. (1996) model we believed that
besides the ‘‘unphysical” manner of modeling a laminar flow (at
the early stages) with a turbulence model, there might be a prob-
lem regarding the damping function appearing in the eddy-viscos-
ity expression. It seems that the adopted damping function,
overdamps the turbulence and this is surely a combined phenom-
enon, with the tuned coefficients ci of the non-linear constitutive
expression. Although this expression gives accurate predictions
for a fully turbulent profile, for cases where separation-induced
transition occurs, the model fails to provide good predictions
inside the recirculation region. The computed lower values of tur-
bulence inside the pre-transitional and transitional flow regime,
leads to thicker and longer recirculation bubbles, something that
is very obvious when one examines the velocity distributions.
But, interestingly enough, in the nearly or fully turbulent flow re-
gime, the model provides acceptable results. The overprediction
of the recirculation sizes leads to early transition and in the far
downstream flow region, where the boundary layer is reattached;
the computed velocity distributions present a ‘‘more turbulent”
nature than the measured ones.

As written previously, the Group of Polytecnico di Bari (Cutrone
et al., 2008) presented a detailed study for the application of the k–
x–kl model to three T3L cases (T3L2, T3L3, and T3L5) together with
other models involving also the intermittency transport equation.
They concluded that the model of Walters and Leylek (2005) per-
formed the best among the other approaches.



Fig. 7. T3L1. Velocity and longitudinal turbulent fluctuations using k–x–kl and NL k–e–kl (dashed line: k–x–kl, plain line NL k–e–kl).
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Fig. 8. T3L2. Velocity and longitudinal turbulent fluctuations using k–x–kl and NL k–e–kl symbols as in Fig. 7.
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Fig. 9. T3L3. Velocity and longitudinal turbulent fluctuations using k–x–kl and NL k–e–kl symbols as in Fig. 7.
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Fig. 10. T3L4. Velocity and longitudinal turbulent fluctuations using k–x–kl and NL k–e–kl symbols as in Fig. 7.
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Fig. 11. T3L5. Velocity and longitudinal turbulent fluctuations using k–x–kl and NL k–e–kl symbols as in Fig. 7.
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Fig. 12. T3L6. Velocity and longitudinal turbulent fluctuations using k–x–kl and NL k–e–kl symbols as in Fig. 7.
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Fig. 13. Shape factor and skin friction coefficient. Symbols as in Fig. 7.
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In order to assess the performance of the new combination pro-
posed here, in our final step, we perform a detailed comparison be-
tween these two modeling approaches (linear k–x–kl and non-
linear k–e–kl) by presenting detailed comparisons based on the
experimental measurements of velocity and Reynolds-stress
distributions.

Figs. 7–12 show the results for the six test cases, using the two
models. The comparisons with the experimental data are shown
for six locations over the flat plate.

As a general observation, the combined non-linear k–e–kl model
provides far better results than the original non-linear model of
Craft et al. (1996). The predicted velocity distributions are close
to the experimental data and the separation zone thickness is more
realistically predicted. On the other hand, the k–x–kl model shows
a remarkable accuracy in some cases, although it tends to predict
more turbulent distributions in the pre-transitional locations,
something, which is very clear in the cases with low freestream
turbulence intensity. For example, when the freestream turbulence
has a very low value, as in the T3L1 case, the linear k–x–kl model
does not predict any boundary layer separation at x = 15 mm and
this is closely related to the higher predicted values of the u-RMS
shown at x = 15 mm and x = 23 mm. On the same stations, the pro-
posed combination still predicts a separated boundary layer, as
measured also in the experiment. This behavior leads to an earlier
reattachment location, when the linear model is used, for the sep-
arated boundary layer.

The same observations hold for both the T3L2 and T3L3 test
cases. Here, again, the k–x–kl model presents more turbulent sep-
arated boundary layers. The experiments show that the reattach-
ment points for these two cases are located near x = 20 mm for
the T3L2 test case and x = 17 mm for the T3L3 test case, but the lin-
ear model predicts the reattachment point near x = 15 mm for both
cases. Both the velocity and u-RMS distributions show that the lin-
ear model overpredicts the amount of turbulence inside the sepa-
rated boundary layer. On the other hand, for these two test cases,
the combined model overpredicts the length and the thickness of
the separation zone, although it is able to predict u-RMS distribu-
Fig. 14. Near-wall Reynolds-stress distribution. Left: predictions with the k–x–kl linear
dashed line: w0w0 , dotted line: m0m0 .
tions closer to the measured ones, especially when the boundary
layer is separated.

As an additional comment, for these first three test cases (T3L1,
T3L2, and T3L3) the proposed model, fails to correctly predict the
smooth distribution measured in the experiment, inside the
boundary layer, while the linear model presents an unphysical dis-
tribution with much higher values of the u-RMS inside the bound-
ary layer, a behavior which is again closely related to the tendency
of the model to overpredict the amount of turbulence inside the
boundary layer, when the freestream turbulence is relatively low.

As the freestream turbulence intensity increases, the quality of
the results of the linear k–x–kl is better, although it tends to
overpredict the longitudinal RMS inside the separation zone. For
example, in the T3L4 test case and at x = 11, 13, 15 mm, the pre-
dicted u-RMS distributions have higher values than the experimen-
tal ones. Concerning the T3L5 test case, both models fail to predict
correctly the Reynolds-stress distribution inside the recirculation
zone.

For the T3L6 test case, the linear model presents, again, a similar
behavior, for the majority of the stations shown in Fig. 12. The
combined non-linear k–e–kl model predicts u-RMS distributions
closer to the measured ones, although, in the early stages of tran-
sition and especially in the pre-transitional region, (where separa-
tion starts), the model fails to capture the peak of the longitudinal
RMS distribution. Again, for the T3L6 test case, and concerning the
velocity distribution, the combined model tends to overpredict the
thickness of the separation zone, while the linear k–x–kl model
provides clearly a thinner separation zone.

By investigating the u-RMS distributions provided by the com-
bined model, together with the velocity profiles (focusing on the
separation zone thickness), it seems that this model has the ten-
dency to increase the damping of turbulence. Probably this is due
to the use of the Craft et al. (1996) original fl damping function
in combination with the strain-sensitized cl function. A better cal-
ibration of this term could possibly provide better velocity
distributions.
model, right with the new combined k–e–kl non-linear model. Plain line: u0u0 , dot-
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Again, we must notice that the combined model provides a spe-
cific anomaly in the u-RMS distributions for the far downstream
stations, where the boundary layer is attached and becomes fully
turbulent. In relation to the T3L1, T3L2 and T3L3 test cases, it
seems that this anomaly is more intense for the cases with low
freestream turbulence (0.20% and 0.65%). As the freestream turbu-
lence increases, the u-RMS distributions in the turbulent flow re-
gime are more realistic.

The above observations are supported also by the presentation
of the boundary layer shape factor development together with the
skin friction coefficient (only for the cases where there are avail-
able experimental data), for all the examined test cases, shown
in Fig. 13.

From the shape factor plots it is clear that the proposed com-
bined model fails to correctly predict the maximum values of the
shape factor. This is a major deficit of the model. But, on the other
hand, a close observation of the shape factor distributions shows
that the proposed model predicts the transition length in a better
manner. For example, for the T3L1 test case, despite the incorrect
prediction of the peak value, the distribution of the experimental
values and the one computed by the proposed model present the
same gradients, indicating that the transition length is accurately
predicted by the model. The linear model shows clearly, an earlier
transition with a shorter length. The superiority of the proposed
combined model, for the T3L1 test case, is also shown by the skin
friction coefficient distribution. The length of the predicted nega-
tive values is the same as the zero values (obviously, the measure-
ment technique is incapable to measure the reverse stresses)
length. For the T3L2 test case, the combined model overpredicts
again the peak value of the shape factor, but its streamwise loca-
tion is the same as the one measured in the experiment. The linear
k–x–kl model predicts an earlier transition with shorter length. It
is very interesting that for the T3L3 test case, the linear model pro-
vides far better results, for both shape factor and skin friction coef-
ficient, than the non-linear combined model. It seems that the
overprediction of the longitudinal turbulence intensity inside the
separated boundary layer (x = 15 mm and 17 mm in Fig. 9) pro-
vides a significant contribution to the relatively correct prediction
of the transition length. Additionally, the skin friction coefficient
predicted by the linear model is of better quality.

For the T3L4, T3L5, and T3L6 test cases, the observations are
more or less the same. Again, the combined model predicts longer
transition lengths and higher peak values for the shape factor. A
closer investigation shows that the streamwise position of the
shape factor peak value is correctly predicted by the combined
non-linear model, while the linear model predicts an earlier posi-
tion. In general, the linear model predicts shorter transition lengths
and the combined model longer ones.
6. Conclusions

The investigation of the behavior of a new combined turbulence
model has been performed in order to assess its capability to pre-
dict transitional flows due to boundary layer separation. The new
model is based on a cubic non-linear eddy-viscosity model in com-
bination with the laminar kinetic energy concept. The non-linear
model in its original formulation, without the use of the laminar ki-
netic energy, showed that it was totally unable to predict the cor-
rect distributions for the u-RMS inside the recirculation region and
additionally, provided unphysically large separation regions. In or-
der to overcome this problem, we focused on the correct represen-
tation of the Reynolds-stresses by adding the laminar kinetic
energy in the pre-transitional flow region. The more accurate
representation of the production of turbulent kinetic energy
by adopting the non-linear constitutive expression for the
Reynolds-stresses has a potential for the provision of more accu-
rate results. The use of the concept of the laminar kinetic energy
proved to be very critical since, far better distributions of the u-
RMS have been obtained inside the recirculation regions, although
some anomalies in these distributions occurred in the fully turbu-
lent flow. It is believed, that a better calibration of the damping
function could potentially provide even better predictions with
the non-linear eddy-viscosity model. For example, the quality of
the results using alternative expressions for the fl and cl could
be investigated. The original model of Walters and Leylek adopts
either a strain-sensitized expression for the cl or a constant value
when it is used for the calculation of the turbulent diffusivity in the
k and x equations. Since the product of fl and cl must be treated as
a compact entity, careful examination of appropriate combinations
should be investigated. In this paper, we followed the original con-
cept of Craft et al. (1996) model. In the near future we intend to
perform some tests using alternative expressions and we believe
that results of better quality can be expected.

In general, the new proposed combined model has been com-
pared with a k–x linear model adopting also the laminar kinetic
energy. The comparisons between the two models showed that
the proposed combined model behaves better in cases where the
freestream turbulence intensity is low by predicting in a more cor-
rect manner the distributions of the u-RMS inside the separated
boundary layer, while it provides satisfactory results regarding
the velocity distributions, with a small tendency to overpredict
the size of the recirculation zone.

As a final remark, we should refer to the capability of the non-
linear model to provide an anisotropic behavior in the near-wall
region, as shown in Fig. 14. As reported by Savill (2002a) this is a
great advantage of the non-linear models and could perhaps be
attributed to the better accounting for the local strain-field effects.
Additionally, the non-linear model can handle convex and concave
streamline curvature and together with the more accurate model-
ing of the turbulence production term can improve the predictions
on transitional flows.
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